Abstract. In this work, we set up a theory of p-adic modular forms over Shimura curves over totally real fields which allows us to consider also non-integral weights. In particular, we define an analogue of the sheaves of k-th invariant differentials over the Shimura curves we are interested in, for any p-adic character. In this way, we are able to introduce the notion of overconvergent modular form of any p-adic weight. Moreover, our sheaves can be put in p-adic families over a suitable rigid-analytic space, that parametrizes the weights. Finally, we define Hecke operators, including the U operator, that acts compactly on the space of overconvergent modular forms. We also construct the eigencurve.
Introduction
Let p be a prime and let N > 4 be a fixed positive integer, with (p, N ) = 1. Let R be a separated and complete Z p -algebra. The first precise definition of the concept of p-adic modular form, of level N , weight k ∈ Z, with coefficients in R, was given by Serre in [Ser73] . He identified a modular form with its q-expansion, and he defined a p-adic modular form as a power series f ∈ R[[q]] such that there exists a sequence of classical modular forms {f n } that converges p-adically to f . It turns out that such an f has not always an integral weight, in the sense that {k n }, the sequence of weights of {f n }, is not eventually constant. To solve this problem, Serre identified an integer k with the map Z * p → Z * p that sends t to t k . He then showed that the map χ(t) = lim − →n t kn is well defined and moreover χ : Z * p → Z * p is a continuous character. This suggests that the weight of a p-adic modular form should be a continuous character Z * p → Z * p . Serre also introduced the notion of an analytic p-adic family of modular forms, parametrized by the weight, and showed that the mere existence of the family of the p-adic Eisenstein series implies the analyticity of the p-adic zeta function. To work with families, it is therefore convenient to introduce the weight space W. It is a rigid analytic space over Q p such that its K-points, for any finite extension K/ Q p , are the continuous characters Z * p → K * . Let Y 1 (N ) be the modular curve of level N , over Q p (Γ 1 (N )-level structure). Let X 1 (N ) be the compactification of Y 1 (N ), we have a universal semi-abelian scheme π : A → X 1 (N ). Let ω = ω X1(N ) be the sheaf e * Ω 1 A/X1(N ) , where e : X 1 (N ) → A is the zero section. Classically, a modular form of level N and weight k is defined as a global section of ω ⊗k . In [Kat73] , Katz gave a geometric interpretation of the notion of a p-adic modular form of integral weight (at least in the case p > 3, see [Kat73, Section 2.1] for what can be done in the case p = 2, 3). For any rational number 0 ≤ w < 1, let X 1 (N ) (w) an be the affinoid subdomain of the analytification of X 1 (N ) defined in [Col97a] , relative to the Eisenstein series E p−1 . We think about X 1 (N ) (w) an as the subset of X 1 (N ) an where E p−1 has valuation smaller than or equal to w. The complement of X 1 (N ) (0) an is a finite union of discs, called the supersingular discs. Katz introduced the notion of p-adic modular form of level N , weight k, and growth condition w: it is a global section of ω ⊗k on X 1 (N ) (w) an . A modular form of growth condition 0 is called a convergent modular form, and one of growth condition w > 0 is called an overconvergent modular form. Katz defined also the usual Hecke operators acting on the space of p-adic modular forms, including the U operator, the analogue of the classical U p operator of Atkin. Finally, Katz showed that his definition of a p-adic modular form generalizes Serre's. In particular, if f is a p-adic modular form in the sense of Serre, of integral weight k, then f can be identified with a convergent p-adic modular form, and conversely.
Let K be a finite extension of Q p . In [Ser62] , Serre developed Riesz theory for completely continuous endomorphisms of orthonormizable Banach modules over K. An example of such a Banach module is provided by the space of p-adic modular forms over K, of growth condition w and weight any χ : Z * p → K * . It is a key fact that, if we consider only modular forms with growth condition w > 0, the U operator is completely continuous, so we have a good Riesz theory for it. In [Col97b] , Coleman developed Riesz theory for a completely continuous operator on a family of orthonormizable Banach modules, generalizing Serre's work. In our work we will need a further generalization of Riesz theory. In [Buz07] , Buzzard showed that the results of Coleman remain true also for Banach modules that are direct summand of an orthonormizable Banach module.
In [Col97b] , Coleman was able to prove the following theorem, that generalizes [Hid86] and holds for any p.
Theorem. Let f be an overconvergent modular form of weight k ≥ 2 that is an eigenform for the full Hecke algebra and let a p be the U-eigenvalue. If v(a p ) < k − 1, then f is classical. Furthermore, any such modular form lies in a p-adic family of eigenforms over the weight space.
The first step needed to obtain Coleman's theorem is to define the notion of overconvergent modular form of any weight. A natural approach is to generalize the sheaves ω ⊗k , obtaining the sheaves ω ⊗χ on X 1 (w), for any w sufficiently small and any p-adic weight χ. However, Coleman's approach is completely different. He made a heavy use of the Eisenstein series, in this way he was able to define, and study, the notion of overconvergent modular form of weight χ through its q-expansion. In particular, Coleman did not define the sheaf ω ⊗χ . In [AIS11] , Andreatta, Iovita, and Stevens proposed a geometric approach to this problem, as follows. Let χ : Z * p → K * be a continuous character, where K is a finite extension of Q p satisfying certain conditions. Then there is a rational number w > 0 and a locally free sheaf Ω χ w on X 1 (N ) (w) an , such that its global sections correspond naturally to p-adic modular forms of weight χ and growth condition w, with coefficients in K, as defined by Coleman. Furthermore we have Hecke operators and these sheaves can be put in p-adic families over the weight space. The same problem is addressed also in [Pil09] , where slightly different techniques are used, mainly from Hida theory.
It is natural to try to develop a similar theory for automorphic forms associated to algebraic groups different from GL 2/ Q . In this work we study the case of modular forms over certain quaternionic Shimura curves defined starting from a totally real field F . These modular forms are related, via the Jacquet-Langlands correspondence, to Hilbert modular forms for F , see the introduction of [Kas04] . The notion of p-adic modular form in this context was introduced by Kassaei. The definition is similar to Katz', in particular Kassaei considered only integral weight. The goal of this work is to give a geometric definition of quaternionic modular forms of any weight and to prove that these modular forms can be put in families.
Our base ring is O P , the completion of O F at a prime above p. All our objects will be endowed with a natural action of O P . The space of locally analytic character O * P → C * p has the structure of a rigid analytic variety W, called the weight space. We fix K, a finite extension of Frac(O P ) satisfying certain technical conditions. Besides the definition of the space of overconvergent modular forms of any weight, our main result is the following (Theorem 7.13).
Theorem. There is a rigid space C ⊆ W × A 1,rig K , called the eigencurve, such that its L-points, where L is a finite extension of K, correspond naturally to systems of eigenvalues of overconvergent modular forms defined over L. If x ∈ C(L), let M x be the set of overconvergent modular forms corresponding to x. Then all the elements of M x have weight π 1 (x) ∈ W(L) and the U-operator acts on M x with eigenvalue π 2 (x) −1 .
In Section 1, we define the basic objects of our study, this is due to Carayol in [Car86] . Let p = 2 denote a fixed rational prime. Let F be a totally real field, with [F : Q] > 1, and let B be a quaternion algebra over F that splits at exactly one infinite place of F and at P, a prime of F above p. Attached to these data, there is an inverse system of PEL Shimura curves {M K }, parametrized by compact open subgroups of G(A f ), where G is a reductive algebraic group over Q, defined using B. With some assumptions on K, we give a precise description of the moduli problem that is solved by M K over F P , the completion of F at P, and over O P := O FP . The residue field of O P is denoted with κ, and we write q for |κ|.
Section 2 is essentially due to Kassaei. We recall the definition of the analogue of the Hasse invariant in our situation. In this way, we are able to define the space of p-adic modular forms of level K(H) (an analogue of level N ), weight k ∈ Z, and growth condition 0 ≤ w < 1. In Section 3, we recall the theory of the canonical subgroup, as developed in [Kas04] , and we consider modular forms of higher levels. We can decompose the p n -torsion of the objects of our moduli problems, that are abelian schemes, to define a p-divisible group of dimension 1. In [Kas04] , this p-divisible group is used to define the canonical subgroup. In order to obtain the results we want, we need a generalization of the theory of p-divisible group: the theory of ̟-divisible group, where ̟ is a uniformizer of O P . We recall what we need about ̟-divisible groups and we study the ̟-divisible group attached to our abelian scheme. Using the canonical subgroup, we are able to show that there is a modular form of level K(H̟) (an analogue of level N p), called E 1 , that is a canonical q − 1-th root of E q−1 . This is a new result and it will be essential for our theory. We also obtain some very explicit results about the canonical subgroup, generalizing some results of [Col05] .
Section 4 contains the most important technical results of the paper. First of all we show that the trivial analogues of the results of [AIS11] are false in our situation. To be more precise, let A be an object of our moduli problem, of level K(H̟). We have the canonical subgroup C of A[p]. In [AIS11] , it is shown that we have a canonical point γ ′ of C D (Cartier dual). One of the most important technical results of [AIS11] is that the image of γ ′ under the map d log is congruent, modulo p 1−w/(p−1) , to E 1 . Also in our situation we have the canonical point γ ′ , but, by Proposition 4.1, we have d log(γ ′ ) = 0 if O P is sufficiently ramified. This show that we need a different approach. The deep reason for this problem is that all the objects we are interested in are endowed with an action of O P , and we really need to take this action into account. For example, Cartier duality does not work, since G m does not have a natural action of O P . What we need is the theory of group schemes with strict O P -action as developed by Faltings in [Fal02] . Thanks to this theory, we are able to study the ̟-divisible groups attached to our abelian schemes, and we obtain the correct analogue of the conclusions of [AIS11] . In the case O P = Z p , we obtain the results of [AIS11, Sections 2 and 5].
Having the results of Section 4, Section 5 is similar to [AIS11] . We prove that the homology of the so called Hodge-Tate sequence is killed by a certain power of ̟. This links the Tate module of our abelian schemes to the invariant differentials in a very precise way. Since an elliptic curve admits a canonical principal polarization, all the objects studied in [AIS11] are self-dual. This is not the case in our situation, in particular we need Proposition 5.1. This lack of self duality makes some of the arguments of Section 4 more delicate than those in [AIS11] .
Section 6 is the heart of the paper. We prove that we can generalize the definition of the sheaves ω ⊗k to any locally analytic character χ : O * P → K * . For any fixed χ, there is a rational w > 0 and a locally free sheaf Ω χ w on M(H) (w) rig (this curve is the analogue of X 1 (N )(w) an ), such that Ω χ w = ω ⊗k if χ(t) = t k . In this way we are able to define the space of quaternionic modular forms of weight χ. In order to define the sheaves Ω χ w , we need to consider the curves M(H̟ n )(w) rig (analogous of those of level N p n ), where n depends on χ. We start by defining a sheafΩ
We then show that we have an analogue of the usual diamond operators acting on the push-forward ofΩ χ w to M(H)(w)
rig . Taking invariants with respect to these operators, we obtain the sheaf Ω χ w . We then consider analytic families. We have an admissible covering {W r } of W, made by affinoids. To show that our definition of the sheaves Ω χ w makes sense, we prove that the Ω χ w 's live in families. More precisely, we prove that there are locally free sheaves Ω w,r on W r × M(H)(w) rig , such that Ω χ w is the pullback of Ω w,r at the point defined by χ. Furthermore, the Ω w,r 's satisfy various compatibility conditions. This shows that our sheaves really 'interpolate' the sheaves ω ⊗k , for various k. In Section 7 we introduce the Hecke operators U and T L . These are analogous to the classical U and T l operators. We show that the space of modular forms of weight χ with coefficients in K is a Banach K-module, and that the U operator is completely continuous when restricted to overconvergent modular forms. We also construct families of the Hecke operators. We prove that a modular form that is an eigenvector for the U operator (with finite slope) lives in a p-adic analytic family of eigenforms. This gives the analogue of the above theorem of Coleman. The main technical results are the following theorems.
Theorem. Let χ : O * P → K * be a locally analytic character and assume that w is small enough. Then we have an invertible sheaf Ω 
rig K ) and the space of modular forms of growth condition w as defined in [Kas04] . Theorem. Let r ≥ 0 be an integer. For any small enough w, we have an invertible sheaf Ω w,r on
We have Hecke operators on Ω w,r . Furthermore, U-eigenforms of finite slope can be deformed.
As in the classical case, we plan to give a cohomological interpretation of our modular forms. This should allow us to use the powerful language of modular symbols, as for example in [Bel09] . We finally hope that our approach to define p-adic families of overconvergent modular forms can also be used for algebraic groups different from G.
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Shimura curves and modular forms
In this section we present the basic objects of our work and fix the notations, we will closely follow the presentation given in [Kas04] , see [Car86] for details.
Let p = 2 be a prime number, fixed from now on. We fix F , a totally real field of degree N > 1 over Q. We denote with τ 1 , . . . , τ N the various embeddings of F in R and with P 1 , . . . , P m the prime ideals of O F above p. The completion of F at P i will be denoted with F Pi . We set P := P 1 , τ := τ 1 , and d := [F P : Q p ]. We write O P for O FP . Its ramification degree will be denoted with e and its residue degree with f . We fix ̟, a uniformizer of O P , and we write κ for the residue field O P /̟O P . We write v(·) for the valuation of F P , normalized by v(̟) = 1, and we choose | · |, an absolute value on F P compatible with v. We will write [·] : κ * → O * P for the Teichmüller character, and we set [0] = 0. We fix F P , an algebraic closure of F P , and we denote with C p its completion. We will use subscripts to denote base change over some base object, that will be clear from the context.
Let B be a quaternion algebra over F . We assume that B is split at τ and at P and that it is ramified at τ 2 , . . . , τ N . Let λ < 0 be a rational number such that Q( √ λ) splits at p and let
We embed E in the field of complex numbers via τ :
Composing twice the natural map E → E ⊗ Q Q p with the projection on the first factor, we get a map E → F P . We use this morphism to define a structure of E-algebra on F P .
Let z →z be the non trivial element of Gal(E/F ). On D := B ⊗ F E, we define an involution ·, that sends b ⊗ F z to b ′ ⊗ Fz , where · ′ : B → B is the canonical involution of B. The underlying Q-vector space of D will be denoted with V . We let D act on the left on V , by multiplication. We choose δ ∈ D such thatδ = δ, and we define an involution · * : D → D by l * = δ −1l δ. We now take α ∈ E such thatᾱ = −α, and we define the symplectic bilinear form
The maximal order of D corresponding to O B will be denoted with O D , or with V Z if we want to see it as a lattice in V . The isomorphism in (1) implies that we have the following isomorphisms
We choose O D , α, and δ in such a way that the following conditions are satisfied:
• Θ takes integer values on V Z and it induces a perfect pairing on
Let C be a pseudo-abelian category. If X is an object of C with an action of O D ⊗ Z Z p , the isomorphism in (2) induces a decomposition in C and X 2,2 1 are isomorphic. This notation will be used throughout the paper.
Let G be the reductive algebraic group over Q such that, for any Q-algebra R,
We write A f for the ring of finite adele Q. We have
where A f,p is the restricted product of the Q l 's (l prime), with l = p. We will simply write Γ for
For the rest of the paper, we assume that K is a compact open subgroup of G(A f ) of the form K = Z * p ×K P × H, where K P and H are compact open subgroups of GL 2 (F P ) and of Γ.
We write S for the Weil restriction Res C / R (G m,C ). There is a morphism h : S → G R such that X, the G(R)-conjugacy class of h, can be identified with H, the Poincaré half plane. For K as above, we have the Riemann surface
It can be proved that M K (C) admits a canonical smooth and proper model over E, denoted M K . Its base change to F P , denoted again with M K , is the Shimura curve we are interested in. From now on, we assume that K is small enough to keep the lattice
With this assumption, M K is a fine moduli space, it represents the functor (F P -algebras)
op → set that sends R, an F P -algebra, to the set of isomorphism classes of quadruples (A, i, θ,ᾱ), where (1) A is an abelian scheme over R of relative dimension 4N , with an action of
1 has rank 1 and O P acts on it via the natural morphism O P → R; (b) for j ≥ 2, we have Lie(A) 2 j = 0; (2) θ is a polarization, of degree prime to p, such that the corresponding Rosati involution
Here T(A) is the product of the Tate modules T l (A) (l prime), where each T l (A) = lim ← −n A[l n ] is considered as anétale sheaf. Its symplectic form comes from the Weil pairing composed with θ. Note that Lie(A) k j makes sense. We have that θ induces an isomorphism
2,2
1 .
In the case K P has some specific form, we can interpret the existence of a K-level structure in a more explicit way. We write T p (A) for l =p T l (A) and
and
In the case K P = K(H), a choice of a level structure is equivalent to a choice ofᾱ P , where:
, a choice of a level structure is equivalent to a choice of (C,ᾱ P ), where:
(1) C is a finite and flat subgroup scheme of rank
1 , stable under O P ; (2)ᾱ P is as above.
In the case K P = K(H̟ n ), a choice of a level structure is equivalent to a choice of (Q,ᾱ P ), where:
In these cases, the curves M K will be denoted with M (H), M (H, ̟ n ), and M (H̟ n ). They admit canonical proper models over O P , denoted M(H), M(H, ̟ n ), and M(H̟ n ). In [Car86] it is proved that M(H) is smooth over O P , while the other two curves have semistable reduction.
The curves M(H), M(H, ̟ n ), and M(H̟ n ) solve the same moduli problems as the curves M (H), M (H, ̟ n ), and M (H̟ n ) do, but now for O P -algebras. The level structure has the same description as above, but now Q is a point of exact O P -order ̟ n in the sense of Drinfel'd. We have several morphisms between these curves, given by the natural transformations of functors.
The universal objects of the moduli problems of the curves M (H), M (H, ̟ n ), and M (H̟ n ) will be denoted with A(H), A(H, ̟ n ), and A(H̟ n ). They admit the canonical integral models A(H), A(H, ̟ n ), and A(H̟ n ). The morphism A(H) → M(H) will be denoted with π, and its zero section with e, we use the same symbols for the other curves.
Let us consider the sheaf
The definitions of ω K(H,̟ n ) and ω K(H̟ n ) are analogous, we usually drop the subscript. By condition (1a) of the moduli problem, we have that ω is a locally free sheaf of rank 1. If R is an O P -algebra, the pullback of ω to Spec(R) will be denoted ω R or ω A/R , where A is the pullback of the universal object to Spec(R).
Definition 1.1. Let R be an O P -algebra and k an integer. The space of modular forms with respect to D, level K(H) and weight k, with coefficients in R, is defined as
The Hasse invariant and ̟-adic modular forms
Notation. We will use the following notation: objects defined over O P will be denoted using Italics letter, like A. The completion along the subscheme defined by ̟ = 0 will be denoted using the corresponding Gothic letter, like A.
Let X be any O P -scheme (or a formal scheme). Recall that a ̟-divisible group H → X is a Barsotti-Tate group H over X, together with an embedding O P ֒→ End(H) such that the induced action of O P on Lie(H) is the one given by H → X → Spec(O P ). If X is connected, there is a unique integer ht(H), called the height of H, such that rk(H[̟ n ]) = q n ht(H) for all n. Let X be a ̟-adic formal scheme over Spf(O P ), and let G → X be a smooth formal group. We say that G is a formal O P -module if we have an action of O P on G such that the action of
Given (A, i, θ,ᾱ), an object of the moduli problem, with A defined over R, we write
1 is 2. Let A be the ̟-adic completion of A and let A be the completion of A along its zero section. Then A 
where a, c j are in R and c j ∈ ̟R unless j ≡ 1 mod q. If we assume that ̟ = 0 in R, the various a R glue together to define H, a modular form of level K(H) and weight q − 1, defined over κ, that is called the Hasse invariant. If W = Spec(R) is an open affine of M(H) κ and we denote with ω the differential dual to the coordinate x R defined above, we have H |W = a R ω ⊗q−1 . We assume q > 3 (but see Remark 2.2), so by [Kas04, Proposition 7.2], the Hasse invariant can be lifted to a modular form of level K(H) and weight q − 1, defined over O P . We choose such a lifting, called E q−1 : in [Kas04, Corollary 13.2], it is shown that all the theory does not depend on this choice. Over Spec(R), we can write E q−1 | Spec(R) = Eω ⊗q−1 , with E ∈ R. By [Kas04, Proposition 6.2], we have a R ≡ E mod ̟.
Proposition 2.1 (([Kas04, Proposition 6.1])). Let R be a κ-algebra and let (A, i, θ,ᾱ) be an object of the moduli problem, with A defined over R and let z be a geometric point of Spec(R). Then the pullback of H to M(H) R vanishes at z if and only if the pullback of A to z is supersingular.
We now move on to ̟-adic modular form. Let V be a finite extension of O P and let w a rational number such that there is an element of V , denoted ̟ w , of valuation w. We define
Remark 2.2. If q = 2, 3, we can still define M(H)(w), that is the ̟-adic completion of M(H)(w), using the notion of 'measure of singularity' introduced in [Kas09, Section 2]. Over Spf(R), we can take for E any element of R such that Eω ⊗q−1 is a generator of ω ⊗q−1 . It follows that all 'local' results of the paper, i.e. those that do not involve the existence of E q−1 , remain true also if q = 2, 3. We leave the details to the interested reader.
Definition 2.3. Let V and w as above. The space of ̟-adic modular forms with respect to D, level K(H), weight k and growth condition w, with coefficients in V , is defined as
Let K be the fraction field of V . The rigidification of the map
rig the ordinary locus, it is an affinoid subdomain of M(H) rig V : its complement is a finite union of the supersingular discs.
3. The canonical subgroup and modular forms of level K(H̟)
Notation. Let V , K, and w be as above. From now on, we will work over V , so we will consider the base change to V , or to K, of the various objects defined so far. For simplicity we will omit the subscripts V and K .
From now on we assume that 0 ≤ w <+1 . By [Kas04, Theorem 10.1], the q-torsion of any A as above admits a canonical subgroup, that we call C. We have that C 2,1 1 is killed by ̟. Since C 2,1 1 has order q, we can use it to define a morphism
rig with a finite andétale map to M(H)(w) rig . We assume that V contains an element, denoted (−̟) 1/(q−1) , whose q − 1-th power is −̟. Let U = Spf(R) be an open affine of M(H)(w). We write U rig = Spm(R K ) for its rigid analytic fiber. Since the morphism M(H̟)(w) rig → M(H)(w) rig is finite andétale, the inverse image of U rig is an affinoid, V rig = Spm(S K ), with R K → S K finite andétale. Let S be the normalization of R in S K , and let V be Spf(S). Note that S is ̟-adically complete. The various V's glue to define a formal scheme M(H̟)(w), with a morphism to M(H)(w). We have the following Lemma 3.1. The rigid analytic fiber of M(H̟)(w) is M(H̟)(w) rig . Furthermore, the rigidifica-
By definition, M(H̟)(w) is the normalization of M(H)(w) in M(H̟)(w)
rig , that is a finite extension of its generic fiber.
Proposition 3.2. Let S be a normal and ̟-adically complete V -algebra. There is a natural bijection between M(H̟)(w)(S) and the set of isomorphism classes of quintuples (A, i, θ,ᾱ, Y ), where:
• (A, i, θ,ᾱ) is an object of the moduli problem, with A defined over S, of M(H̟) and the canonical S-point of A[̟]
2,1 1 generate, as O P -module, the canonical subgroup of
Definition 3.3. We define the space of ̟-adic modular forms with respect to D, level K(H̟), weight k and growth condition w, with coefficients in V , as
Note that we have
The image of E q−1 will be denoted with the same symbol. We fix an open affine Spf(R) of M(H)(w), with associated abelian scheme A. Let x be a coordinate on A 2,1 1 as in Section 2. We write E q−1 | Spf(R) = Eω ⊗q−1 . Let Spf(S) be the base change of Spf(R) to M(H̟)(w). We need to briefly recall how C
). It follows that there is r ∈ R, such that x → rx gives
Proof. By Proposition 3.2, the equation
it is a canonical q − 1-th root of E in S K , that lies in S by normality. For the various R's, these roots glue to define the required modular form.
3.1. Raynaud theory. We will continue to work locally for all this section, using the notations introduced above. In this section we find it convenient to denote the Teichmüller character [·] with χ 1 (·) (see below).
Let M be the set of multiplicative characters χ : κ * → O * P , extended to the whole κ by χ(0) = 0. Following Raynaud in [Ray74], we say that χ ∈ M is a fundamental character if the map κ → O P → O P /̟O P = κ is a field homomorphism. If χ satisfies this condition, all fundamental characters are of the form z → χ(z) p i . We denote this latter character with χ p i , where i ∈ Z /f Z (in [Ray74] , χ p i is denoted with χ i ). Furthermore we can assume that χ p i+1 = χ p p i and that χ 1 is the Teichmüller character. Any χ ∈ M can be decomposed as χ = i∈Z /f Z χ ni p i , with 0 ≤ n i ≤ p − 1. If χ = 1, this decomposition is unique. In this way we get a bijection between M \ {1} and {1, . . . , q − 1} given by χ = i χ ni p i → i n i p i . We write χ i for the inverse image of i (this notation is different from the one in [Ray74] ).
We have shown above that C 
Since the action of O P on C 2,1 1 is strict, we have δ i ∈ R * for all i ≡ f − 1. We can thus write 
(p−1) p−1 , so our description of the comultiplication is exactly the same as the one given in [Col05] for the canonical subgroup of an elliptic curve.
We assume for the rest of the section that V contains ζ p , a fixed primitive p-th root of unity. Since the base change of C 2,1 1 to S K is a constant group scheme, with associated abstract group κ, the Hopf algebra of (C 2,1 1 ) SK is isomorphic to the algebra of S K -valued functions on κ. Let ε z , for z ∈ κ, denote the characteristic function of {z}. We have a natural isomorphism
Here α is the root of − ̟ E given in the proof of Proposition 3.4. The Hopf algebra of (C
, the group algebra of κ with coefficients in S K . The canonical base of S K [κ] will be denoted {z} z∈κ . Using ζ p , we can identify F p with µ p (V ). In particular, the trace map Tr κ/Fp can be seen as a morphism Ψ : κ → µ p (V ). We obtain a morphism of group schemes (C 
Let e χi , with 0 < i < q − 1, be z∈κ χ −1 i (z)z and let e χq−1 be z∈κ z − q0. We have
where g(χ i ) is the Gauss sum associated to χ 
Since g(χ p k ) = g(χ 1 ) for every k, we obtain
D . Its base change to S K , denoted with γ ′ , is a κ-generator of (C
Proof. It is enough to show that each β k is in S. By equation (3), the valuation of g(χ 1 ) is e p−1 , so in S K we can write β k = v̟ , we have the equality
Furthermore, if we write ω C 2,1
Proof. It is convenient to write the comultiplication c(x) of C 2,1 1 as F (X, Y ), where X = x ⊗ 1 and has the form r d(x) 1 − Qx q−1 , for some r ∈ R/ ̟ E R. Since ω is a differential dual to x, we have ω = f (x) d(x), with f ≡ 1 mod x and the first part of the proposition follows. The last statement is a consequence of the fact that the counit of C 2,1 1
Remark 3.10. If ̟ = p and f = 1, we have ω =
1−E .
The map d log
Let {Spf(R i ) i∈I } be a covering of M(H)(w) by small affine formal schemes (in the sense of [Bri08] ). Our local situation will be the following: we choose one of the R i 's, called simply R. Its pullback to M(H̟)(w) will be denoted with Spf(S). We assume that ω A/R = π * Ω 1 A/R 2,1 1 is a free R-module, generated by ω, and we write E q−1 | Spf(R) = Eω ⊗q−1 . Let η = Spec(K) be a generic geometric point of Spec(R), we write G for π 1 (Spec(R K ), η K ). We denote with R the direct limit of all R-algebras T ⊆ K which are normal and such that T K is finite andétale over R K . Let R be the ̟-adic completion of R. We are going to use the map d log, for the definition and basic properties look at [AIS11, Section 2], or see below.
Proposition 4.1. If e is big enough, then γ ′ is in the kernel of the map
1 )S /S ⊗ S S/pS. Proof. We have d log(γ ′ ) = dη(y)/η(y). By the explicit definition of γ ′ , it is enough to prove that ̟ divides β k for each k = 0, . . . , f − 1 (see Section 3.1 for the definition of β k and η). In the proof of Proposition 3.7 we have shown that ̟ e p−1 − p k q−1 divides β k . If e is big enough, this implies that ̟ divides β k as required.
Remark 4.2. The above proposition shows that, in general, the analogue of [AIS11, Proposition 5.2] is not true in our situation. Since we work with ̟-divisible groups rather than with p-divisible groups, to obtain results similar to those of [AIS11], we need a theory that takes into account the action of O P . For example, in Proposition 4.1, we use that C 2,1 1 is killed by p, but we even know that ̟C 2,1 1 = 0. Note that there is no action of O P on G m,S , so Cartier duality does not suffice. We need the theory of group schemes with strict O P -action as developed in [Fal02].
On the power series ring R[[x]]
there is a unique action of O P such that the multiplication by ̟ has the form [̟](x) = x q +̟x and the action on the Lie algebra is the one induced by O P → R. This is the so called Lubin-Tate ̟-divisible group, denoted LT . The action of O P on R[[x]]/(x q + ̟x) factors through κ, and z ∈ κ sends x to [z]x. Let G be a finite and flat group scheme over R with an action of O P (we will always assume the condition on the action on the Lie algebra), and let us suppose that G is killed by ̟ n for some integer n. The functor (R-algebras) op → grp, that sends T to hom OP (G T , LT T ), is representable by a finite and flat group scheme over R, with an action of O P , denoted G ∨ , see [Fal02, Sections 3 and 5]. Let G be a ̟-divisible group and let H be a sub
(this is the Tate module of G ∨ ). By duality between G and G ∨ , we obtain H ⊥ , the orthogonal of H, that is a sub O P -module of T ̟ (G).
If 
cl . Let W be a normal Noetherian R-algebra, without ̟-torsion. Let G be a group scheme with an action of O P , and let ω G/R be the module of invariant differential of G. If G is killed by ̟ n , we define a map
in the following way: given x, a W K -valued point of G ∨ , it extends to a W -valued point of G ∨ , called again x. It gives a group scheme homomorphism (that respects the action of 
Taking the direct limit over all W as above, we get the map
Finally, taking the projective limit, we obtain the map
Suppose that R is a discrete valuation ring, whose valuation extends the one of O P . From d log A , we obtain the maps d log n, A and the map ∨ (R K ) be the O P -module generated by y. We have ω (D cl ) ∨ ∼ = R/γR, with v(γ) = 1 − v(z), where the sum is over D ⊥ \ {0} (see [Far07] ). Since the map
is the multiplication by ̟ γ , it is injective. In particular, we have a commutative diagram 
⊥ is contained in the kernel of d log 1,A . The first part of proposition follows since
1 has height 1, a similar, but even simpler, argument, gives the result.
Remark 4.5. In [AIS11] , the assumption w < 1 p is made from the very beginning to define the canonical subgroup. We need w ≤ 1 q only to relate the map d log with the canonical subgroup. From now on, we will assume that w ≤ 1 q . We consider the morphism
It gives a canonical non trivial point γ ∈ (C 2,1
Proof. Consider the following commutative diagram
2,1 1 a closed immersion, the right vertical map is surjective. Both its domain and codomain are free S/̟ 1−w S-module of rank 1. It follows that the right vertical map is an isomorphism, so we can prove that d log C
, we conclude by Proposition 3.9.
The Hodge-Tate sequence
We continue to work locally as in the previous section, using the same notations. We now need some results about A 2,1
∨ /R , and we choose E ′ ∈ R, a generator of this R-module.
Proposition 5.1. Let us suppose that R is a discrete valuation ring, whose valuation extends the one of O P . Then the valuation of E ′ is the same as the valuation of E. Furthermore (C 2,1
Proof. We can assume that A 2,1 1 has height 2. We claim that the map d log 1,A ∨ : 
q−1 . Let us consider the isogeny A 2,1
, it is given, after a suitable choice of coordinates, by the map
Since the valuation of the points of A 2,1
, that is smaller than
q−1 , we have that the valuation of the image of these points under the isogeny is
Remark 5.2. The above proposition implies that all our results about A ∨ , for the same constant w.
We have the map
and also its analogue for (
then we have an isomorphism of G-modules
where (·)(1) means that the action of G is twisted by the Lubin-Tate character. We define a A := d log * A ∨ (1).
Definition 5.3. The Hodge-Tate sequence of A is the following sequence of R-modules with semilinear action of G: Proof. Using Proposition 4.4, this is proved as the first step of the proof of [AIS11, Proposition 2.5] (see also Lemma 2.5).
Lemma 5.7. The map a A is injective.
Proof. By Remark 5.2 and Proposition 5.6, we know that the cokernel of d log A ∨ is killed by ̟ v , so the same must be true for the kernel of a A , but by Lemma 5.5 this implies that ker(a A ) = 0.
⊥ . From now on we will omit (R K ) in the notation, it should be clear from the context whether we are talking about the group scheme or about the group of points. We also write R z for R/̟ z R (and similarly for other objects).
Lemma 5.8. We have a commutative diagram, with exact bottom row:
Proof. Using Remark 5.2, this is proved as the second step of the proof of [AIS11, Proposition 2.4].
Theorem 5.9. The homology of the Hodge-Tate sequence is killed by ̟ v , and we have a commutative diagram of G-modules, with exact rows and vertical isomorphisms,
Furthermore, ker(d log A ) is a free R-module of rank 1.
Proof. Again this is proved using the same argument of the third step of the proof of [AIS11, Proposition 2.4], using Remark 5.2.
Proposition 5.10. The Hodge-Tate sequence is exact if and only if A is ordinary.
Proof. This follows from the calculations made in the proof of Proposition 4.4.
Let H be Gal(R K /S K ). In the following, δ will be an element of R 1 that satisfies d log 1,A (γ) = δω andδ ∈ R will be a lifting of δ. We can assume δ ∈ S/̟S andδ ∈ S.
Proposition 5.11. Let F (S) ⊆ ω A/R ⊗ R S be the submodule generated byδω ⊗ 1.
(1) We have that F (S) is a free S-module of rank 1, with basisδω and
, the isomorphism of Theorem 5.9;
Furthermore, all the above isomorphisms are H-equivariant.
Proof. This is proved as [AIS11, Proposition 2.6].
Lemma 5.12. Let Spf(R ′ ) be a small affine of M(H)(w) and suppose that R ′ is an R-algebra. We write A ′ for the base change of A to R ′ . Let Spf(S ′ ) be the inverse image of Spf(R ′ ) under the map M(H̟)(w) → M(H)(w), then we have a natural isomorphism
Proof. By functoriality of d log, we have a natural morphism Im
, that is compatible with the isomorphism ω A/R ⊗ R R ′ ∼ = ω A ′ /R ′ . Taking Galois invariants we obtain, by Proposition 5.11, a morphism
, that is an isomorphism modulo ̟ 1−v by Theorem 5.9. The lemma follows.
6. The sheaves Ω χ w and Ω r,w We start assuming that e ≤ p − 1, we explain in Section 6.7 how to remove this hypothesis.
6.1. Generalities about locally analytic characters. Let A be a K-affinoid algebra. We will consider only F P -locally analytic characters
Definition 6.1. Let r ≥ 1 be an integer. We say that a character χ :
) for all t with v( t − 1) ≥ r, where:
is the Teichmüller character, and [t] means [·] applied to the reduction of t modulo ̟;
• t := t/[t] and s ∈ K is such that v(s) > e p−1 − r. If χ is 1-accessible, we will simply say that χ is accessible. In this case we write χ = (s, i). Given an integer k, we view it as the accessible character t → t k . Note that any locally analytic character is r-accessible for some r.
Let W be the weight space for locally analytic characters: it is an F P -rigid analytic space whose A-points, for any F P -affinoid algebra A, are W(A) = Hom loc−an (O * P , A * ). There is a natural bijection between the set of connected components of W and Z /(q − 1) Z. Let B be the component corresponding to the identity. We then have W = Z /(q−1) Z B. By [ST01, Theorem 3.6], we know that B is a twisted form, over C p , of B (1), the open disk of radius 1. Note that B is isomorphic to B(1) if and only if F P = Q p ([ST01, Lemma 3.9]). In general B is a closed subvariety of
Let t 1 be |̟| e p−1 , and, given an integer r ≥ 2, we define t r < 1 as the largest number such the following condition hold: if x ∈ C p satisfies |x − 1| < t r , then | log(x)| < t 1 |̟| 1−r . We have
Lemma 6.2. Any χ ∈ W r (K) is an r-admissible character.
Proof. We may assume χ ∈ B r (K) ⊆ B d (t r )(K). In this case we can take s := log(χ(1+̟ r )) log(1+̟ r ) .
Remark 6.3. We have that W r is an affinoid subdomain of W and that {W r } r≥0 is an admissible covering of W. In particular, any character χ ∈ W(K) lies in some W r (K). Furthermore we know that any χ ∈ W r (K) is r-admissible.
6.2. The case of accessible characters.
Definition 6.4. We write F for the unique locally free O M(H̟)(w) -module of rank 1 that satisfies F (Spf(S)) = F (S), for Spf(S) an open affine of M(H̟)(w) as above. Here F (S) is the free S-module of rank 1 defined in Section 5.
By Theorem 5.9, we have an isomorphism of sheaves
Definition 6.5. Using the above isomorphism, we define F Lemma 6.6. Let Spf(S) → M(H̟)(w) be an open affine, with associated abelian scheme A → Spec(S), and assume that ω A/S is free, generated by ω. Then we have that F (Spf(S)) is free, and ω std := E 1| Spf(S) gives a basis.
Proof. We can write E 1| Spf(S) = E 1/(q−1) ω, for some E ∈ S. We can assume that Spf(S) is the inverse image of Spf(R) → M(H)(w). Using the notations introduced before Proposition 5.11, we have that F (S) is generated byδω. By Proposition 4.6, we haveδ ≡ E 1/(q−1) mod ̟ 1−w . The lemma follows by completeness of S and Nakayama's lemma.
Corollary 6.7. We have that F is a free O M(H̟)(w) -module of rank 1, with ω std as basis.
Definition 6.8. Let S v be the sheaf of abelian groups, on M(H̟)(w), defined by
Proposition 6.9. We have that F ′ v is a Zariski S v -torsor and it is generated by ω std .
Proof. This follows from Proposition 5.11 and Lemma 6.6.
We write ϑ for the natural morphism ϑ : M(H̟)(w) → M(H)(w). Its rigidification is Galois with κ * as Galois group. The action of κ * on ϑ rig extends to an action on ϑ. Throughout this section, we fix an accessible character χ = (s, i). We will assume that
.
Let x be a local section of S v over V = Spf(S). We can write x = ub, where u is a section of O * P and b is a section of 1 + ̟ 1−v O V . We set x χ := χ(u)b s , that is another section of S v . Note that, if t ∈ 1 + ̟O P , we have χ(t) = t s , so x χ is well defined. We will write O Definition 6.17. We define the space of ̟-adic modular forms with respect to D, level K(H), weight χ and growth condition w, with coefficients in K, as
Let w ′ ≥ w be a rational number that satisfies the same conditions of w. We set v ′ := w ′ q−1 . We have natural morphisms f w,w ′ : M(H)(w) → M(H)(w ′ ) and g w,w ′ : M(H̟)(w) → M(H̟)(w ′ ). 
that is an isomorphism after rigidification. The ρ v,v ′ 's satisfy the same conditions as theρ v,v ′ 's do. Finally, we have
Proof. This is proved as [AIS11, Lemma 3.5].
Definition 6.19. Using Lemma 6.18, we can define the space of overconvergent modular forms with respect to D, level K(H), weight χ and growth condition w, with coefficients in K, as
Remark 6.20. Let i A , i B : Spf(S) → M(H̟)(w) be two affine points of M(H̟)(w). We write A and B for the abelian scheme corresponding to i A and i B , respectively. Suppose we are given a morphism f : B → A over S. We obtain, by functoriality of d log, a morphism Im(d log A ) → Im(d log B ) compatible with the natural pullback ω A/S → ω B/S . Taking Galois invariants we obtain, by Proposition 5.11, a morphism f * : F (i A (Spf(S))) → F (i B (Spf(S))). Let us now suppose that f : B → A is an isogeny, and that its kernel intersects trivially the canonical subgroup of B. In this case we have a commutative diagram
By assumption, (f 2,1 1 ) ∨ is an isomorphism, so f * is an isomorphism, modulo ̟ 1−v . This implies that f * is an isomorphism, so we have isomorphisms
w , and similarly for B. In particular, we obtain an isomorphism i * AΩ χ w → i * BΩ χ w . We will be more interested in its inversẽ
Let ϑ : Spf(S) → Spf(R) be as above. We have a canonical isomorphism ϑ rig, * Ω χ w ∼ =Ω χ w . In particular, we have the morphism
In the case χ = (k, k) is an integer, via the isomorphism of Lemma 6.21, f k is the pullback of the k-th power of the invariant differentials with respect to the isogeny. 6.3. Modular forms of integral weight. Let k be an integer. If V ⊆ M(H̟)(w), we write
Proof. The lemma follows since ω std ⊗ 1 is a generator of ω K(H̟) ⊗ V K by Theorem 5.9.
Remark 6.22. By Proposition 5.10, we see that φ k is an isomorphism if and only if w = 0. In general, by Theorem 5.9, we have that coker(φ k ) is killed by ̟ kv .
Lemma 6.23. We have that κ
Proof. Let a ∈ κ * and let Spf(S) ⊆ M(H̟)(w) be an open affine. We write f for the element ofΩ
(1,1) w (Spf(S)) corresponding to E 1| Spf(S) . It is the morphism f :
M(H̟)(w) (Spf(S)) = S given by f (E 1| Spf(S) ) = 1. By definition of ω std , we see that a −1 sends
as morphism of ringed spaces). But f ∈Ω
We considerΩ k w as a subsheaf of ω ⊗k , via φ k .
Proposition 6.24. We have that ω ⊗k,rig
Proof. We work locally, as in the proof of Lemma 6.
where ω is a generator of ω R , that we can assume to be free. Writing E 1| Spf(S) =
As in the proof of Lemma 6.23, we have that
For the other inclusion, note that any element f ofΩ k w (Spf(S)) ⊗ V K can be written as f = sω, for some s ∈ S K . A calculation similar to the one above shows that, if κ * acts trivially on f , then s ∈ R K as required.
Remark 6.25. By Corollary 6.16, we have a decomposition
Note that if f is of level K(H̟) and has integral weight, say k, we cannot identify it with a modular form of integral weight k and level K(H). Instead, f will have components that are modular forms of level K(H) and weight x → x k [x] j , for various j ∈ Z /(q − 1) Z. This is very similar to the case of elliptic modular forms (see [Gou88, ). We have X 1,v = E 1 , and we see that X χ,v is a global section of Ω (s,0) w . It follows that X χ,v , when considered as a modular form of level K(H), has integral weight if and only if s is an integer congruent to 0 modulo q − 1. For example we have that X q−1,v = E q−1 has weight q − 1 as one expects.
Remark 6.26. Fix an open affine U = Spf(R) ⊆ M(H)(w), and let V = Spf(S) be the inverse image of U under ϑ. We write A → Spec(S) for the corresponding abelian scheme. We have a κ * -equivariant isomorphisms Ω 1 w ∼ = F and Ω −1 w ∼ = F * . In particular there is a 'corrected' exact Hodge-Tate sequence
.4. Katz' modular forms. We can describe our modular forms in a more familiar way, using 'test objects'. Definition 6.27. A test object is a sextuple (A/S, i, θ,ᾱ, Y, η), where:
• Spf(S) → M(H̟)(w) is an affine point, with S a normal and ̟-adically complete Valgebra; • (A, i, θ,ᾱ) is an object of the moduli problem of level K(H̟), with A defined over S;
• Y is a section of ω ⊗1−q A/S that satisfies Y E q−1 = ̟ w ;
• η is a global section of the pullback of F ′ to Spf(S).
Proposition 6.28. To give an element f of S D (K, w, K(H̟), χ) is equivalent to give a rule that assign to every test object T = (A/S, i, θ,ᾱ, Y, η) an elementf (T ) ∈ S K such that:
•f (T ) depends only on the isomorphism class of T ;
• if ϕ : S → S ′ is a morphism of normal and ̟-adically complete V -algebras, and we denote with T ′ the base change of T to S ′ , we havef (T ′ ) = ϕ(f (T )).
Proof. This is proved as [AIS11, Lemma 3.10]. 6.5. Canonical subgroups of higher rank and general characters. In this section we fix an integer r ≥ 1 and we suppose that w < Using the canonical subgroups of higher rank, everything we have done for level K(H̟) in Section 3 can be repeated for level K(H̟ r ). In particular we have the rigid space M(H̟ r )(w) rig , and the formal scheme M(H̟ r )(w). Proof. Using Proposition 6.31, this is proved exactly in the same way as Theorem 5.9.
We have a natural morphism ϑ r : M(H̟ r )(w) → M(H)(w). Its rigidification is Galois, with G r := (O P /̟ r O P ) * as Galois group. As above, we have that G r acts on ϑ r too. Let U = Spf(R) ⊆ M(H)(w) be an open affine. We will write V r = Spf(S r ) for the inverse image of U under ϑ r . We have that (C r ) 2,1 1 becomes constant over S r,K . Furthermore there is a canonical point of (C r ) We now fix {ζ n } n≥1 , a sequence of C p -points of LT such that the order of ζ n is exactly ̟ n . We assume that ̟ζ n+1 = ζ n for each r, and that ζ 1 is our fixed (−̟) 1/(q−1) . If ζ r ∈ V , we obtain γ r , a canonical S r -point of ((C r ) 2,1 1 )
∨ . If w is smaller than 1/(q r−2 (q + 1)), we define the sheaf F ). We now fix χ, an r-accessible character. We assume that ζ r ∈ V . Let s be the element of C p associated to χ. We assume that w is smaller than 1/(q r−2 (q + 1)), so we have the canonical subgroup of level r. Let x = ub be a local section of S r,v . We have that b s := exp(s log(b)) makes sense, so we can write x χ := χ(u)b s . We write O M(H̟ r )(w) ).
We have an action of G r on F Everything we have done in the case of an accessible character can be repeated for χ. In particular we have modular forms, convergent and overconvergent, of weight χ and various levels.
Let h be an integer with r ≥ h. Suppose that χ is h-accessible. We can repeat the above construction starting with M(H̟ h )(w), obtaining another sheaf on M(H̟)(w). For r ≥ h, we consider the natural morphism ϑ r,h : M(H̟ r )(w) → M(H̟ h )(w). The rigidification of ϑ r,h is Galois. Its Galois group is G r,h ⊆ G r , the image of 1 + ̟ h O P . scheme generated by Q, we can take for it the image of Q under the natural map A → A/t 2 (D). We are interested in the analytification of π 1 and π 2 , denoted respectively π Theorem 7.13. We have a rigid space C r ⊆ W r × A 1,rig K equipped with a finite morphism C r → Z r . If L is a finite extension of K, then the points of C r (L) correspond to systems of eigenvalues of modular forms with growth condition w and coefficients in L. If x ∈ C r (L), let M(w) x be the set of modular forms corresponding to x. Then all the elements of M(w) x have weight π 1 (x) ∈ W(L) and the U-operator acts on M(w) x with eigenvalue π 2 (x) −1 . For various r and w, these construction are compatible. Letting r → ∞ we have w → 0 and we obtain the global eigencurve C ⊆ W × A 1,rig K .
